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ANTIPLANE SHEAR OF A DOMAIN WITH TWO CLOSELY LOCATED CRACKS

S.A. NAZAROV and P.K. CHERNYAEV

Antiplane deformation of a domain with two parallel cracks of different
lengths, where the smaller can be above the larger or displaced relative
to it, is investigated. A method of solving such problems was proposed
in /1/. The spacing between the cracks is considered to be a small
parameter of the problem. An approximate solution (the deplanation
asymptote) is constructed and, consequentlv, asymptotic formulas are
sought for the stress intensity factors. Crack interaction was
investigated numerically in /2, 3/.

1. Formulation of the problem. Let Q be a domain in the plane R? with a smooth (in
the class (=) boundary ¢%Q, containing the segment N ={x=R%: 2,=0, -1z, 1} we
introduce still another segment dependent on the small positive para-
meter & Me={z: 7, = ¢, a< Z,< Y} and the domain Q; = Q (¥ |J M)
(Fig.1l). Here a and b are numbers in the interval (—1, 1); ¢ <€ min
{1 —b,1+a,a+b}). We will examine the antiplane shear problem
in the domain €,

pAu (e, 2)=0, z=Q H%(ﬁ,x):q(z), z =00 1.1
pg—;(s,xl,ei()):if—p;ﬁ(rl), a<lx1<lb

P-ai:;(»?, T, ) =TFpF(r), —1<m<1

Fig.l

where u is the deplanation, p is the shear modulus, n is the unit external normal vector to
9Q, and g and pmT, px*t are smooth external loads applied to the contour of ¢Q and the
edges M+, N+ of the slits M., N, respectively. We assume that the forces on the
boundary of 09 are selfequilibrated, i.e, the following condition is satisfied:

b 1
$a@ar+3{ o @y dn + § pi (@) da) =0 (.2

o + a —

for the solvability of the boundary value problem (1.1) in the space W,! (€s) (or in the class
of bounded functions).

Let r,, 0, be polar coordinates with centre at the vertex (b, €¢) of the crack /. such
that the edges M,* are given by the relations 0, == 4~n. The representation

u(e, xy=const |- K, (e) W™t (Yary/m)’ sin/a 0, - O (ry|1nry ) (1.3)

holds for the solution u of problem (1.1) in a small neighbourhood of the point (b,e) where
K, (¢) is the stress intensity factor /4/. BAnalogous formulas also hold near the ends (a, &)
and (4+1,0) of the slits M. and N. We denote the appropriate intensity factors by K, (¢) and
Ki (E).

A method of solving this problem and a broader class of problems in ideal fluid flow is
developed in /1/. It utilized conformal mapping and enables the problem to be reduced to an
evaluation of quadratures. The purpose of this paper is to construct an asvmptotic expansion
in the parameter . Taking account of the smallness of &, the asymptotic solution of problem
(1.1) is expressed in terms of the solution of a simpler problem in the domain Q with one
slit N (which can be solved, in turn, by using the method described in /1/). Approximate
formulas for the intensity coefficients that clarify their qualitative dependence on the
small spacing between the cracks are obtained as a result. In the case of canonical domains,
when the limit problem has a solution in analytic form, the relationships obtained acquire
an especially explicit form.
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2. Asymptotic form of the solution in a narrow strip between cracks. we
consider (1.1) and the boundary conditions (1.3), (1.4) as a boundary value problem in a thin
domain Il = {x: 0 <Cx, <<e, a << x, << b}. Following /5-7/, we will seek the asymptotic expression
of the function u in the form of the sum

w (e, 2) ~ e lwg (1) + wy (@) + eWy (2, 7)) = W (e, x) (2.1)

Substituting (2.1) into the equation and the last two conditions in (l.1) and equating
coefficients of & ! and &, we obtain the relationships

a2l d2u P
it (@ M) e ) =0, =0, 1) (2.2)

alr, _ P .
43 am (.1'1, 1) = P (.1‘1), 53 6’.] (11, O) === — DN (1‘1); N=

Lo

¢

If (2.2) is considered as a boundary value problem in the function W, (with the parameter
z, = (a, 1)), then the equation

b (@) = — pRi(a3) — P (@), T (@ b) (2.3)

which must be considered as an equation for the unknown function w,, is the condition for its
solvability. The necessary boundary conditions for (2.3) will be determined in Sect.5 when
studying boundary layers near the points {(a, &) and (b, ).

The equation for the function wu; in (2.1) has the same form as (2.3), and is found by

using the same reasoning (see Sect.5 of /7/, say). However, the function w; is not needed
to construct the principal term of the asymptotic expression of u. We merely note that the
equation mentioned has a zero right-hand side, i.e., w, is a linear function.

3. The asymptotic form of the solution far from M, If we set e =0, then the
domain Q¢ is transformed intc the domain €, with a single crack N. The boundary value
problem (1.1) hance transforms into the following

WA (2) =0, x=CQp n d;: (2)=gq(z), @ =a2 3.4)
WS (e, S0 =— ph(an), @ (La) U, 1)
B (z;l_z: (@1, +0)=—pu(z2), 1= (a,b);

dt'n
oaq

I (r1, —Q)=py(x1), me(—1 1)

Problem (3.1) cannot have a bounded solution since by virtue of (1.2)

1 S ‘;Zo (¥yds=—1I, 1 :S (ph (#1) + par(z1)) dxy (3.2)
080

Consequently, it is necessary to expand the class of functions allowable as solutions.
Namely, we extract the points (a, +0) and (b, +0) that are images of the tips of the crack
M, and we permit the functions u to have logarithmic singularities at these points. Then
the boundary value problem becomes solvable; however, its solution will be determined to the
accuracy of a linear combination of two functions satisfying the homogeneous problem. The
first is identically equal to one, while the second agrees with the Neumann function G whose
poles are at the points (a, ~0) and (b, £0). We recall that the function G satisfies the
relationships

0G

Gx)=—n"lnr, + G, + O (rp), 22 >0, r, >0 (3.4)
G)=nllnr, +G, + 0 (), 22 >>0,7,—0 (3.5)
where G, and G, are certain constants.
Thus, we select the linear combination
wle, 1) ~cy - Volx) + Ay (86 (x) = V (g, 2) (3.6)

as the asymptotic expression of the function u (as a solution of problem (3.1)), where ¢, is
an arbitrary constant (rigid displacement), the quantity A, (e) is to be determined, and V,
is a function bounded outside any neighbourhood of the point (b, ) and satisfying (3.1) and
subject to the relationship

Volz)=atUptnr, - V' 4+ 0@ flnr]), x>0, r,--0 (3.7)
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4. Boundary layers near the tips of the crack M,. A formal asymptotic expression
of the functions u inside and outside II; was found in Sects.2 and 3. 1In order to combine
these representations, and therefore, eliminate the arbitrariness in the selection of certain
constants, we will study the behaviour of the solution of problem (1.1) in the neighbourhoods
of the points (a,&) and (b, ¢). As usual, a boundary laver originates in these zones. By
virtue of the symmetry of the problem, it is sufficient to consider just one tip of the crack
M., the point (b, &), to be specific. We make the change of coordinates & -—§ =¢'(x, — 0,
z,) a stretching of the domain Q. &-! times relative to the point mentioned. Transferring
to & =0 and confining ourselves to a consideration of the equations for §,> 0, we obtain
the boundary value problem

pAz(8) =0, EeE; pjf;(g)=o, g=gz= (4.1)

where Z =R N\ {f=R%: & =1, § <0} is the upper half-plane with a cutout ray (Fig.2).
The domain £ has two "exists" at infinity: in the form of
€, the angle Z, and the half-pole E_. We will list the solutions
of problem (4.1) that have not more than polynomial growth in =
and allow the estimate O (|In|§||™) in Z,. One such solution

—{1 o 1s obvious: {,(8) = 1. From the results of /8, 9/ it follows

[0}

s 2 Eq that every solution {, possessing the properties mentioned will
0 allow of the representation
Fig.2
G (E) = 18 + ¢y -+ O (exp (ndy)) as & — —> in Z_ (4.2)

L@ =csln|Ej+ec,+O(IE[In|Ef) as [E]|—
—o in  E,
where c¢; are certain constants. We substitute {; and ¢, into the Green's formula for the
domain Zp ={f=E: |[E[<<R for §=E,, and & > —R for E<= E_}, where R is a large
positive number. We have

0=\ (G (5) ALo(®) — Lo (9 AL () dE= (4.3)
1

i1
(LOO—wE L)

9Zp

where dl is an element of the length of the arc. The .integrand in the last integral of (4.3)
differs from zero only for the integral J, along the arc {m — aresin (R7!)>6 >0, |t | = R}
and for the integral J_ along the segment (& = —R, 0<<§ < 1}. Using (4.2), we find that

m—arcsin (R-%)

I, =— {  (a+0(R*aR)dB=—ac-+0(RInR) (4.4)
0
1

I.={(c1 +0(exp(—aR) d% =1 + O (exp (—aR))
0

Therefore, passing to the limit as R — oo and taking account of (4.4), we derive the
equation ¢; = meg from (4.3).

It only remains to note the following. If it is assumed that the solution z of problem
(4.1) has the asymptotic expression (4.2) for ¢, = ¢; == 0, then it follows from Green's formula
of the form (4.3) for §, and z that ¢, = ¢;. Moreover, the solution that vanishes at infinity
and corresponds to zero constants c¢; in (4.2) possesses a finite Dirichlet integral, and
therefore, is trivial.

Thus, all the linearly independent solutions sought for nroblem (4.1) that have the

mentioned growth at infinity are exhausted by two: [, and ¢{,. The function {; is determined
by using conformal mapping of the half-plane into the domain =:
M+ iy — & 4 & = at et (ny + i) + In (ny + iny)) (4.5)
Namely, if v: & +i& -~ m, 4 in, is a reciprocal function to (4.5), then {;, is given by the

ti /10/
cananen L(E) =1y + ity (4.6)

Direct calculations result in the following values of the constants ¢; in the asymptotic
forms (4.2) of the function (4.6)

ecp=m,¢=0,¢c; =1, c;,=1-+-Inna (4.7)
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Later a representation of the type (1.3) is needed for the function {, near the tips of
the slit
£ (B) = 1 + (2np) sin Yy + O (p) (4.8)

where p, ¢ are polar coordinates with centre (0, 1) such that the slit edges are given by the
relations ¢ = -n; here ¢ =0+ 0 (), p=¢e¢1{r 4 0 (e)) (see (1.3)).

We note finally that by allowing a linear growth of the function z in the corner E, we
obtain one more solution £, () = § of the homogeneous boundary value problem (4.1) in addition
to {, and ;.

5. Combining asymptotic forms using boundary layers. we will seek an approxi-
mation of the solution u of problem (l.1) in small neighbourhoods of the points (a, €¢) and
(b, &) in the form

(g, 2) ~ ¢q (8} -+ Ba (e) &y (67! (@ — 2y}, 27'2y) = Z, (e, 7) (5.1)
u e, z) ~ ¢, (8) -~ By (&) Ly (27! (xy — B), e,y = Z,, (&, 2) (5.2)

As mentioned earlier, the role of the boundary layers (5.1) and (5.2) is to combine the
approximations to u. Using the method of combinable asymptotic expansions (/11-13/, etc.),
we find the quantities c, (), ¢ (e}, B, (8), By(e) and A, (e) in (5.1), (5.2) and (3.6) from the
condition that the asymptotic expansions (2.1) and (3.6) should be in agreement in common
intermediate zones.

If the point z is such that 0< &, <{ &, 2, ~ b — V&, then

W (?, Z):E—lll'o (0) 4wy {0} - — b dwo (b) + (11:5; d%we (b) L 0(’/5)

&

or in £ coordinates (see Sect.4}

1 (B, 0) + o) == el (0) + 3 (0) 4+ By 22 2 (b) (5.3)

#€42 atwg

5 ,ha(b) 0(Ve)

Using (4.2) and (4.7), we find that
Zy (8, 2) ~ ¢y {g) + By (&) afy + O (exp (nl;)) {(5.4)

Equating (5.3) and (5.4), we deduce the relationsg
ey (8) = € lo (0) = 11 (0), By (e) = By =t ’f’z“ ®) (5.5)

If 2, >e and r,~ V& then according to (3.4)-(3.7) we have
Ve, t)=cp,+atIptinr, -t V' 4+ Ag(e)(—atnr, + Gy) -+ O(Ve) (5.6)

Moreover, in the same zone the formula

Zy (e, 7)==y (¢) ++ Bp{In{me )+ Ina 4 )+ O (Y ¢) (5.7)
follows from (4.2) and {(4.7).
The relations
W — Ao (e) =By, €y Vid - Ao () Gy =y () + By (In (727) 4 1) (5.8)

result from the assumption about the coincidence of the asymptotic expressions (5.6) and (5.7).
In considering the boundary layer Z, the relationships

cofe) =0 (a) + ur(a), Bole)=Bo=— n1 52 (a) (5.9)

4o (B} = ﬂBm Cp - Van -+ Ao (8} Ga =g (t) -+ Ba (ln (g_lﬂ) + 1)

are deduced in exactly the same way.
Solving the system of algebraic Egs.(5.5), (5.8), (5.2), we find the missing boundary
conditions for the function w, satisfying (2.3)

o (B) — wo (a) =0, 220 (p)— ‘j;;": (@) = Tu™ (5.10)

dxy

the expressions for the unknown constant

(@ Bi—=——22), By=—tI2) (5.11)

ERCEN

Aole) = Ap = — — 20

o odioy
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and also one of the boundary conditions for the function wy

1 d
wy (0) ~ w1 (@) =V — Voo — T2

(@) (Go — G,) +

(1) (52 ) + 52 (a)

The second boundary condition and, as remarked earlier, the equation for w; are determined
when constructing the next terms of the asymptotic forms.

We note that problem (2.3), (5.10) is solvable (according to the definition (3.2) of the
quantity I and the assumption (1.2) about the selfequilibration of the load).

6. Foundation for the asymptotic expansion. we assume the solutions w, V and G
of problems (1.1), (3.1), (3.7) and (3.3)-(3.5) are normalized by the conditions

Su(e,z)dr:SV(s,z)d::SG(::)dz:O 6.1
89 Fize) £
Let y be the cutoff function from C,® (RY) such that (1 == for |¢t|>»1 and «y() =1

for [t|<Y, while x(e, 2)= (1 — ¢ (e /) (1 — % (pe™"1)). We introduce the function
U, z)=V(e,z), 2&Q, 2<0 (6.2)
U, o) =1, DV (e, 2) + 3 (e 2, (e, 2) +
X 2, e, ), 2=\, @>0
Ue, o) = (1— % (&1 —a) ™) (1 — % (22 — b) £~V (e, ) +
A@m—a) e Z (e, )+ (m~b)e )2, (¢, 2), z=T,
(see (2.1), (3.6), (5.1), (5.2)). It is clear that U satisfies the boundary conditions from
(1.1) on N, M, and 42 but leaves a residual @ (e, z) on M which allows of the estimate
@ o) [ <eellm—ate)(b—z+elh (6.3)

Since the functions V,, Z, and Z, are harmonic, residual ¥ (¢, z) of the approximation U

in (1.1) is concentrated in the union of II, and the Ve neighbourhoods of the points
(b, +0) and (a, +0). By virtue of the agreement of the asymptotic forms V and Z, W and Z near
these points, the following relations hold:

(¥ <t Ve a0, (6.4)
[P D<ol n<Ve z=1,
¥ a|<aetx—a0—o) e He

The estimate
S (Vu—VURd|u—U Py de<c, { S ayraz 4§ dxl} (6.5)
ne QS MS+

d(z)=rgt(Inr, |-~ 4 5t ([ Tnry [+ 1)

results (according to (6.1)) from the one-dimensional Hardy inequality and the Poincaré-
Friedrichs inequalities.

By virtue of (6.3) and (6.4), the integral over @, from the right side of (6.5) does
not exceed «ce|lne]* and the integral over M,* does not exceed c. Hence

lu—U WA@Q)<<eaVe[lng| (6.6)

To simplify the discussion we will confine oursevles here to the deduction of just a
rough estimation of the closeness of the constructed approximation (6.2) to the solution of
the problem (1.1). The inequality (6.6) can be refined by using the method in /14/. 1In
particular, the relationships

ufe, z)= Vi, o) -0|lne|) in Q NI, \ 1y (6.7)
u(e,z)=2Z(,z)--0(¢|Ine|) in D, Dy={z =9, :min {rzz’rb}<6}
hold, where 6 is a fixed positive number. We note that the operator min {e, rq, ry} 9/6x; can be
applied to the left-hand sides of (6.7) without degrading the estimate of the residue.

7. Asymptotic expression for the intensity factors. aAsymptotic formulas for
the stress intensity factors at the tips of the cracks M, and N are a result of the representa-
tions (6.7) of problem (1.1) (see (1.3)). We introduce the coefficients Ayt and kgt into
the expansions
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X/B
Vo(z) = consty - k¥ (1/2—:?'"—) “sinl/yfs + 0@y |Inry.|

(7.1)
_— ry o\, .

G (x) =const¥ + ng (1/2 _n;) sint/s04 =-0(ry) as ry — 0 (7.2)
of the harmonic functions ¥V, and G (see (3.7) and (3.3)-(3.5)). Here ry,0; are polar
coordinates with centres (4-1,0) such that the edges N* of the slit N are given by the
equations 0. =1 and 0i = —m.

Comparing formulas (1.3), (3.6) (7.1), (7.2) and (5.11), we find that
Ei(e) =k — a2 )k £ O (e | Ine]) (7.3)
1
Similarly we deduce the following relationships from (5.1), (5.2) and (4.8)
du,n -
K, () =2pe7"s == (a) + O (Ve|Ine]) (7.4)

Ky (¢) = — 2pe~"s f;’;j ®)-F0(Vellne])

The solution w, of the oridinary differential Egs(2.3), (5.10) is contained in the
asymptotic formulas (7.3), (7.4). If w, = const, then the representations (7.4) become of
little interest. The latter holds, say, if the crack edges are stress-free, i.e., pytT =pyt =
0 in (1.1). We consider the situation mentioned by constructing the second term of the
asymptotic form (its proof is carried out exactly as in Sect.6 and is omitted here)

Far from II. we seek the asymptotic form u in the form

u (s, ) ~ vq (2) -+ evy (z) + e4,G (2)

(7.5)
where A, is a certain constant and the function v, satisfies relationship (3.1) and the
boundary condition

v — aE -
n dx" (x)=0, z=N (7.6)
Uy is the solution of the boundary value problem
a -
Avy (2) =0, erU; (@) =0, r=00 (1.7
0L1 _ N
T (@1, +0)= =% (21, + 0), z1=(a,d) (7.8)
av PR
aI: (x)==0, z=N"{ N\ M)

Let us clarify the reasons for this choice of the right-hand sides of the boundary
conditions (7.8). Expanding the function on the right in (7.5) in a Maclauren series, we
find that for ze M* (or 2z < (a,b), 2, =& - 0)

Sy w4 0) ~ 2 (o, H0) e (52 s 0+ (7.9
9z, dxy z,
G . [125
Ay ZC (g, 40y T (2, 0) £ O (Y
' (z1, 4-0) " (x1, - (¢

Since v, and G satisfy the homogeneous Neumann conditions on N*, the coefficient of ¢
from (7.9) vanishes if

. g2 2

21 (o, 40 =~ T (s +0) = P o, 40 = By, $0) = 228 (@, +0)

According to Sect.3, a solution of the problem (7.7) (7.8) exists that is bounded
outside any neighbourhood of the point (b, and allows of the representation (compare
with (3.8))

vi(@)=nUslnr, -+ Vit + Ofyflnr,|) as ry—0, 22 >0 (7.10)

{1
B — S @ ds= = G Odn = (7.11)
oL w

. dca .
Fr (a, +-0)— b, +0)

dry
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Inside Il the solution u (e, ) is approximated by the guantity 1w, {zr,) which is a
linear function axz; 4 B {(see Sect.2). The boundary layers (5.1) and (5.2) have the form

ZR(S, 3"):600 ‘%‘ (cal"j( BaSl(a_jzl x"?')—} 'i' Dn;i‘(g_{—-qs—‘:i}} (?'12)
Zy (e, 7y =1¢,° »«e((‘bl—%Bbgl(ﬁ_é % }-L I)L»( 1_6 ,—“Z—")) {7.13)

Performing the combination, we obtain algebraic equations as in Sect.b

4B = vy (b, +0), @@+ B = vy (@ +0), aBy = I; — A, (7.14)
0B,= A1, o==aBy+ Dym=— nBa— Dy, Dyreod " b, + 0),
Dy=— 22 (a, + 0)

Solving the overdefined but solvable system (7.14}, by virtue of (7.11}, we find that

Ay = aB, =1, — aBy.o = (v (b, +0) — 24 (a, + 0)) (b — a)°* (7.15)
By=-t(a— 320+ 0) Bo=r (T2 (a, +0) — )

Therefore, the following asymptotic formulas for the intensity factors result from (7.5),
(7.12), {(7.13) and (7.15) in the solution of problem (1.1) for puT = pyE =10

Ki(s)mkvmwﬁ{kl Ry e (‘9“’ (@, + 0)— (7.16)
n {b L4 [ 0
Lo b+ i’)w";(a‘jL ))}4,-0(&211118!)
Ky (e)=2p Y 7{ Lo b, ”““b‘:;"(‘“ 0 _ e T by o;} 4O Ine]) (7.17)

where ki, are coefficients inrepresentationsof the type (7.1) and (7.2) for the solution
v, of problem (7.7), (7.8). (We note that the asymptotic form A, {e} has the form {7.17)
where the opposite sign should be taken and a and » interchanged ).

when & = R* formulas (7.16) and (7.17) take a more specific form. In particular, for
functions u harmonic in Q= R*\ {V |J M,) and subject to the relations

B fi(e 2)=0, z=NU Mg (7.18)
(e xy==go +o{l}) as fa]— -+

the intensity factors are calculated from the formulas

L, (gbi—a ,
K (e}:2qu1/w{i+~§-n—[—(lnm+ (7.19)

1 h—a - b b a
2 —ad<h +] T—% (V;—:_'ga“’ Vr__'—ag)"‘

(]’m_m’r;;) a-t+b _
Fo1—b ' l—a (V@+VW

—y%;)]}-}«()(e‘“‘]}na])
Eyfe)=2g, /¢

h—a

1
V10?1 —ab+ /{1 — a%) (1 — 6%

— + 0" Ine))

8. Cracks shifted relative to one another. we will investigate a crack arrangement
different from that studied in Sects.l-7. We retain the same notation as in Sect.l for g, b, ¢
and Q. Weset M,={reR: = 1<), VMi={ER: n=0aex <1}, Q=08
Ny N\ My (Fig.3). We consider {1.1) with zero Neumann data on WN; ] M,. The asymptotic form

of the soclution is constructed by the same scheme as before. The sole difference is in the
definition of the function ;.

In the case under consideration the residual @%/dn® occurs in the set M U {z = M
—i <z, < a}, and consequently, the right-hand sides of the boundary conditions of the type
(7. 8) have the inadmissible growth O {(#_*) as r_ - 0. The reason for such growth is that the
image (—1,0) of the left tip of the crack A, in the limit problem is shifted relative to the
initial position and the function i, does not satisfy the boundary conditions near {—1,0).
Consequently, it is necessary to change the form of the fundamental approximation to u by
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selecting
v¥ (g, ) = Xy (2) vy (21, T + &) + (1 — Xy (2)) vy (@) (8.1)
Ko (@) = 1 (8 (zy 4+ 1)) % (67'z,)

as its function, where 7 is the cutoff from Sect.6, and § is so small a number that the
support X; intersects neither §Q nor N;. We note that outside the neighbourhood of
the point (—1,€) the function {8.1) is expanded in a series of non-negative integer powers
of &; this expansion is obtained after application of Tayvlor's formula to the first term on
the right in (8.1).

N

8.4 0.6 0.8 A

Fig.3 Fig.4

The principal term of the residual v* in the boundary condition (1.1} has the form
eppT, where

¢t (o) =7 (6 (2 - 1) 5 oo Tz, 4+ 0, nE(—1,0)
g () =0, rae=(b, 1) (p{(xl)m . wye(a, 1)
g1 (@) =1 (67 (& + 1)) 2 FEx oz, —0), z=(—1,0
Moreover, a residual appears in (l1.1l) whose principal term agrees with the quantity
ey {r), where
P (2) = — 22 (2) AXs (1) — 27 G2 (+)- VX (2)

Since v, is a harmonic function, then

{onmae = (5202 @ — 22 (@) o (o)) o=

Q,

a
_ 8y . , vy
Z‘f‘ S "37{?(6 Yy + 1) 5 (11, =0 das
+ -1
and consequently, a solution i, of the boundary value problem exists

Avy {2} =, (1), 2 € Q, (8.2)

& R . v
a;i(x):::?:(ht(xx), zENE “‘;;‘,;“(@’10, =00

which allows of the representation (7.10), (7.11), where (4, +0) should be replaced by (e, —0).
The remaining reasoning for the construction of the asymptotic expression is exactly the
same as in Sect.7. We consequently obtain the asymptotic formulas (7.16) ), {7.17) for the
intensity factors, in which {a, 4+0) must be replaced by (e, —0) and Ai s should be under-
stood to be the factors in the asymptotic forms of the solution of problem {8.2), while ket
are the factors in the expansion (7.2) of the Neumann functions with poles (a, —0) and
(b, +0) (compare with {(3.4) and (3.5)). 1In the case of problem (1.1}, (7.18) in a plane,
formulas (7.19) become

N - . E 1 (1) (1 —a) o -+ 3b — dab
K+(r)_._2qo]/n{ + [Tl“ T =5 + 5 ey ) —

(1 125 +) 5 ) L= o e

" 4 ~-ab - }(i—azui—b« o, .
Ky =20 Ve { (;‘ﬁa —r }~+~0(8 finel])
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Finally, we formulate one more result. We consider the crack arrangement shown in Fig.3
in the case when the cracks have the same unit length while the dimensions of the rectangle
I, between the cracks are [ X &; Il &=(0, 1). The relationship

K(e,) =20 Vex() + 0(:+ In¢])

, 2V 1—1 1 44l 12
% {}= — =
0 1 TV T—1 2 T—1

holds for the intensity factor K (g,!) at the right tip of the crack M. for problem (1.1),
(7.18).

As [ —0 and !-— 1 the quantity x(I) tends to oo; for values of !/ and 1 — ! close
to &, the formula for K (e, l) loses accuracy because of the breakdown of the assumption about
the smallness of e (see Sect.l). A minimum of the function % (Fig.4) and the stress
intensity factor are achieved at the point [, =2()2—1)
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